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High speed centrifugal rotating machinery can have large vibrations caused by 
aerodynamic forces on impellers. 
in a two dimensional orbitting impeller in an unbounded fluid with non-uniform 
entering flow. 
inviscid flow equations. 
forces, centripetal forces, changes in linear momentum, changes in pressure due to 
rotation and pressure changes due to linear momentum. 
cross-coupled stiffness coefficients are calculated for the impeller. 
with experimental results is fair. 
This work develops a method of calculating forces 
A finite element model of the full impeller is employed to solve the 
Five forces acting on the impeller are included: Coriolis 
Both principal and 
Agreement 
NOMENCLATURE 




Stiff ne8 s 
Principal stiffness 
Cross-coupled stiffness 
Dimensionless principal stiffness 
Dimensionless cross-coupled s tiff ne8 s 














Q Flow rate 
r radius 
Inner radius of inner flow region 
Inner radius of impeller 
Outer radius of impeller 
Outer radius of outer flow region 
Impeller tip speed, U3 QR3 
Particle velocity in reference frame 
Displacement in positive x-direct ion Ax 
AY Displacement in positive y-direction 






C i rcu la t ion  
Eccen t r i c i ty  
Angle with respect  t o  t h e  x-axis 
Unknown angle  approximated by the blade sweep angle  
Blade sweep angle 
Density of f l u i d  
Velocity p o t e n t i a l  
Stream funct ion 
Dimensionless stream funct ion 
Rotor r o t a t i o n  speed 
INTRODUCTION 
Vibration problems i n  turbomachinery such as t h e  U.S. Space Shu t t l e  turbopumps 
( r e f ,  1 )  are an important i s sue  i n  industry.  
understand t h e i r  causes and prevent ca t a s t roph ic  f a i l u r e .  Modifications i n  the  
bearings,  dampers and seals ( r e f .  1,2) i n  a given machine can o f t e n  a l l e v i a t e  such 
problems, but are not always e f f e c t i v e ,  Because r e l a t i v e l y  l i t t l e  is known about t he  
influence of an impeller on v ib ra t ions ,  it i s  of i n t e r e s t  t o  i n v e s t i g a t e  impeller 
f o r c e  l e v e l s  i n  a t tempts  t o  f u r t h e r  understand and reduce v i b r a t i o n  problems. 
Considerable e f f o r t s  have been made t o  
It is known t h a t  f l u i d  fo rces  a c t  on an impeller during operat ion and o f t e n  
i n i t i a t e  s e r i o u s  v i b r a t i o n  problems, but they are not  easy t o  ca l cu la t e .  
t h e  impeller may be displaced due t o  r e s idua l  unbalances o r  other  causes. 
fo rces  then arise both p a r a l l e l  t o  and perpendicular t o  the  d i r e c t i o n  of 
displacement. 
can be add i t ive ,  such t h a t  a small per turbat ion can eventual ly  r e s u l t  i n  l a rge  
v ib ra t ions  and poss ib l e  s h a f t  f a i l u r e .  Several works concerning r o t o r  dynamics and 
flow i n  impellers have been published, but r e l a t i v e l y  few papers have d e a l t  with the  
ca l cu la t ion  of aerodynamic fo rces  on impellers.  
I n i t i a l l y ,  
Impeller 
They are known as hydraul ic  o r  aerodynamic forces .  This phenomenon 
A study of aerodynamic fo rces  on c e n t r i f u g a l  impel lers ,  published by 
Colding-Jorgensen ( r e f .  31 ,  involved ca l cu la t ing  t h e  impeller force caused by r o t o r  
e c c e n t r i c i t y  along wi th  the a s soc ia t ed  s t i f f n e s s  and damping coe f f i c i en t s .  The f i n a l  
ob jec t ive  w a s  t o  determine t h e  e f f e c t  of t h i s  fo rce  on r o t o r  s t a b i l i t y .  
Two-dimensional p o t e n t i a l  flow was used, represent ing the  impeller by a source-vortex 
Point.  
was solved by the  s i n g u l a r i t y  method. The v e l o c i t y  induced by the s i n g u l a r i t y  
d i s t r i b u t i o n  on t h e  d i f f u s e r  w a s  considered t o  be a p a r a l l e l  stream; thus,  t h e  
impeller fo rce  w a s  obtained by r e l a t i n g  the  impeller t o  a body with c i r c u l a t i o n ,  
influenced by a source, and i n  a p a r a l l e l  stream, and using t h e  theorems of Joukowski 
and Lagally. 
The d i f f u s e r  w a s  modelled by a d i s t r i b u t i o n  of v o r t i c e s  and t h e  flow f i e l d  
Shoj i  and Ohashi ( r e f .  4) ca lcu la t ed  f l u i d  fo rces  on a c e n t r i f u g a l  impeller using 
unsteady p o t e n t i a l  theory. Incompressible, two-dimensional flow was  assumed and the 
r o t a t i n g  a x i s  whirled a t  constant speed. Other assumptions included shockless en t ry  
a t  t h e  leading edges of the blades and the  Kutta condi t ion a t  t h e  t r a i l i n g  edges. 
Free v o r t i c e s  w e r e  assumed t o  be shed from the  t r a i l i n g  edges and c a r r i e d  downstream 
with steady v e l o c i t i e s  along steady s t reamlines ,  and blade thickness w a s  neglected. 
The fo rces  a c t i n g  on t h e  impeller were calculated by in t eg ra t ing  t h e  pressure 
d i s t r i b u t i o n  on the  blades. 
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Recently, Imaichi, Tsujimoto and Poshida ( r e f .  5 )  analyzed unsteady torque on a 
two-dimensional r a d i a l  impeller using s i n g u l a r i t y  methods. They recognized t h a t  
s t u d i e s  of unsteady flow were necessary f o r  p red ic t ion  of unsteady fo rces  on an 
impeller but unsteady torque was examined because i t  w a s  one of t h e  most t y p i c a l  
unsteady c h a r a c t e r i s t i c s  of impellers.  
divided i n t o  th ree  components: The wake 
component w a s  u sua l ly  found t o  be t h e  smallest quant i ty .  
f l u c t u a t i n g  torque were made using apparent mass c o e f f i c i e n t s  f o r  var ious blade 
angles,  blade numbers and diameter r a t i o s  of logarithmic impellers.  
It w a s  shown t h a t  unsteady torque could be 
quasisteady, apparent m a s s ,  and wake. 
Approximations of 
Iino's work ( r e f .  6 )  d e a l t  with p o t e n t i a l  i n t e r a c t i o n  between a c e n t r i f u g a l  
impeller and a vaned d i f f u s e r .  
i n t e r a c t i o n  w a s  examined. 
assuming two-dimensional, p o t e n t i a l  flow and i n f i n i t e l y  t h i n  blades. 
Bernoulli  equation f o r  a r o t a t i n g  coordinate system w a s  used t o  solve f o r  t he  
unsteady pressures .  Pressure d i s t r i b u t i o n s  were examined f o r  various impeller 
configurations.  Load d i s t r i b u t i o n  on d i f f u s e r  blades was r e l a t e d  t o  pressure 
f luc tua t ions ;  t h e  dynamic load on impeller blades w a s  a f f ec t ed  by considerat ion of 
t h i s  load d i s t r i b u t i o n .  
The dynamic load on t h e  impeller blades due t o  t h i s  
Unsteady flow was analyzed using the method of s i n g u l a r i t i e s  
The unsteady 
An unbounded eccen t r i c  c e n t r i f u g a l  impeller with an i n f i n i t e  number of 
logarithmic s p i r a l  blades was considered by Allaire e t  a l .  ( r e f .  7). 
kinematic a n a l y s i s  of flow i n  t h e  impeller w a s  c a r r i e d  out and impeller s t i f f n e s s e s  
calculated.  
fo rces ,  c e n t r i p e t a l  forces ,  changes i n  l i n e a r  momentum, changes i n  pressure due t o  
r o t a t i o n  and pressure changes due t o  l i n e a r  momentum. 
A simple 
F i r e  fo rces  a c t i n g  on t he  e c c e n t r i c  impeller were i d e n t i f i e d :  Cor io l i s  
I n  add i t ion  t o  t h e o r e t i c a l  s t u d i e s  of forces  on impel lers ,  some work has been 
done experimentally. 
Imaiehi and S h i r a i  ( r e f .  8) .  They measured r a d i a l  fo rces  on a c e n t r i f u g a l  pump with 
a vo lu te  and examined the  e f f e c t  of t he  cross-sect ional  area and shape of t h e  v o l u t e  
tongue on t h e  force.  The dynamic component of force and t h e  e f f e c t  of c a v i t a t i o n  on 
t he  fo rce  were a l s o  invest igated.  
A paper on experimental measurement was presented by Uchida, 
Research by Kanki, Kawata and Kawatani ( r e f .  9 )  a l s o  involved experimentally 
measuring fo rces  on a c e n t r i f u g a l  pump impeller. They s p e c i f i c a l l y  measured 
hydraulic r a d i a l  forces  on impel lers  with double vo lu t e s  or  vaned d i f f u s e r s .  
s t a t i c  and dynamic loads were measured with varying flow rates. 
Chamieh e t  a l .  ( r e f .  10) measured hydrodynamic s t i f f n e s s e s  experimentally for  a 
Both 
c e n t r i f u g a l  pump impeller with a volute.  
cen te r  of r o t a t i o n  was o rb i t ed  €or low frequencies. 
t h e  vo lu te  were obtained and static pressure fo rces  were measured, providing a more 
complete force analysis .  
Forces on the  impeller were measured as t h e  
Pressure d i s t r i b u t i o n s  around 
This paper examines c e n t r i f u g a l  impellers and develops a method of ca l cu la t ing  
t h e  fo rces  induced by e c c e n t r i c  operation. The a n a l y s i s  i s  done i n  a r o t a t i n g  
reference frame and considers a two-dimensional, unbounded impeller with synchronous 
motion. Incompressible, p o t e n t i a l  flow is  assumed. The a n a l y s i s  u t i l i z e s  t h e  f i n i t e  
element method t o  solve f o r  t h e  flow f i e l d .  A con t ro l  volume formulation is used t o  
c a l c u l a t e  the fo rces  a c t i n g  on t he  s h a f t  of an  e c c e n t r i c  impeller. S t i f f n e s s e s  are 
computed f o r  d i f f e r e n t  impeller designs. P l o t s  of t h e  f i n i t e  element meshes as w e l l  
as corresponding s t reamline p l o t s  are included, along wi th  v e l o c i t y  p r o f i l e s  and 
graphs of s t i f f n e s s e s  versus blade number and blade angle. 
125 
METBOD OF ANALYSIS 
The two dimensional impel ler  region i s  divided i n t o  t h r e e  regions:  i n l e t  region,  
blade region, and o u t l e t  region. Figure 1 shows t h e  th ree  regions wi th  one blade f o r  
i l l u s t r a t i o n  purposes. 
flow ca lcu la ted  using a ve loc i ty  p o t e n t i a l  and t h e  t angen t i a l  flow ca lcu la t ed  using a 
stream funct ion  ( r e f .  11,121. 
2 
2 
P o t e n t i a l  flow i s  assumed i n  the  a n a l y s i s  wi th  t h e  r a d i a l  
Both 4 and $ s a t i s f y  Laplace's equat ion 
(1) 
( 2) 
V $ = O  
V $ = O  
i n  t he  region between R1 and R 4 .  
Two cases  a r e  considered - impeller centered and impel ler  eccent r ic .  In  t h e  
The flow f i r s t  case, t he  impeller blades a r e  centered i n  the coordinate  system. 
through each blade passage i s  t h e  same. 
assumed centered a t  the o r i g i n  while t he  impeller i s  phys ica l ly  moved the  d is tance  E 
along t h e  x a x i s  ( i n  t h e  r e l a t i v e  coordinate system). 
passages on the p o s i t i v e  x a x i s  s i d e  i s  smaller than the  flow through those on t h e  
negat ive x a x i s  s ide .  It was found t h a t  
varying E ~ / R ~  from 0.01 t o  0.00125 changed the  ca lcu la ted  s t i f f n e s s  by l e s s  than 10%. 
For the  second case, t h e  i n l e t  flow is  
Thus t h e  flow through t h e  
A t y p i c a l  value of E ~ / R ~  = 0.0025 was used. 
For the  r a d i a l  flow, t h e  boundary condi t ion a t  t h e  i n l e t  i s  t h a t  due t o  a source 
a t  t he  o r i g i n  
-A t/ - 2nRlb 
1 r=R 
and no flow i s  allowed through the blades 
an = o  I Blade 
I f  t h e  s h a f t  is  centered,  t h e  o u t l e t  boundary condi t ion is  
-A CI r=R4 - 2nR4b 
I n  t h e  case of an e c c e n t r i c  s h a f t ,  t he  e x i t  flow cannot be uniform around the  
impel ler .  It i s  assumed t o  depend upon the  angle  0 with t h e  form ( r e f .  13) 
( 3 )  
(4)  
(5) 
where e c  i s  the  approximate sweep angle. 
by 2 10 degrees changed t h e  s t i f f n e s s e s  by approximately 1% o r  less. 
It w a s  found t h a t  varying the  sweep angle  
With t angen t i a l  flow, the  boundary condi t ions a t  t h e  inner  and ou te r  r a d i i  a r e  
126 
However, f o r  
f o r  r i s  
The boundary 
vortex flow represent ing an impeller with angular ve loc i ty  5 2 ,  t h e  value 
2 r = -  2n 52 R2 
condi t ions become 
' I r=R4 = RRZ2 Qn R4 
Along the  blade, the stream funct ion i s  an unknown constant.  
= Constant ( 9 )  
']Blade 
The constant i s  evaluated when the t o t a l  flow, due t o  the superposi t ion of r a d i a l  and 
t angen t i a l  flow, s a t i s f i e s  t h e  Kutta condition a t  t he  t r a i l i n g  edge of a l l  blades. A 
Newton-Raphson i t e r a t i o n  process i s  used t o  ob ta in  values  of stream funct ion on t h e  
blades. In t h e  centered case,  t h e  stream funct ion over a l l  of t h e  blades is  t h e  same 
while i t  v a r i e s  f o r  the e c c e n t r i c  case. 
F i n i t e  elements ( r e f .  14,151 were used t o  solve Laplace's equation f o r  both the  
r a d i a l  and t angen t i a l  flow. A t y p i c a l  mesh i s  shown i n  Figure 2. Because of t h e  
large number of nodes, a p r o f i l e  solver  ( r e f .  14) was required.  
were included i n  the ana lys i s .  
F i n i t e  width blades 
FORCES AND STIFFNESS 
+ 
The su r face  fo rces  are composed of t he  pressure+forces on the  con t ro l  volume (F 
the  forces  of t he  s h a f t  on t h e  con t ro l  volume (FSmT>. 
and P Thus, 
+ $  s SHAFT p 
+ +  F = F  
From the  Bernoulli  equation f o r  a r o t a t i n g  r e fe rence  frame: 
2 2 - - -  I 18 x :I + L 131 = constant 
P 2  2 





The forces  due t o  pressure a r e  expressed as: 
f + 
F P = - I  P d x  
s ince  the  fo rce  vec tor  i s  opposi te  t he  a rea  vec tor .  
The force on t h e  s h a f t  due t o  cont ro l  volume is 
-5 + +  - = F  - F s  
+ 
FON - - F ~ ~ ~ ~  p 
SHAFT 
cs 
The f i v e  components of t h i s  force  are:  
r 
Cor io l i s  force  
cv 
2. - 1 p  d x  (8 , ; )  dV Centr ipe ta l  force  
cv 
Force due to change i n  
l i n e a r  momentum 
2 
4. -1 $ l d x ; ? I  dx Force due t o  change i n  
pressure due t o  r o t a t i o n  cs 
cs 
Force due t o  change i n  pressure 
due t o  change i n  l i n e a r  momentum 
For t h e  f i n i t e  element ana lys i s ,  t h e  i n t e g r a l  expressions a r e  used i n  summation form, 
S t i f f n e s s  is defined a s  t h e  negat ive of t h e  change i n  force  divided by t h e  change 
i n  displacement, or :  
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In t h i s  ana lys i s ,  p r inc ipa l  (K,) and cross-coupled (K s t i f f n e s s e s  a r e  
YX ca lcu la ted  , where : 
Also it is  assumed here  due t o  symmetry t h a t  the  other  two s t i f f n e s s  c o e f f i c i e n t s  
a r e  given by 
The impeller is displaced i n  the pos i t i ve  x-direct ion and t h e  r o t a t i o n  i s  
A p o s i t i v e  force  Fx aggravates x p o s i t i v e  i n  t h e  counterclockwise d i r ec t ion .  
displacements whereas a negat ive fo rce  resists x displacements. Thus, p o s i t i v e  
p r inc ipa l  s t i f f n e s s  Q, which ind ica t e s  a r e s to r ing  force ,  i s  des i rab le .  
cross-coupled fo rce  should oppose motion ( f o r  a s h a f t  forward whi r l  mode) t o  promote 
r o t o r  s t a b i l i t y ,  
should be p o s i t i v e  f o r  s e a b i l i z i n g  e f f e c t s  i n  forward whir l .  
The 
should be negat ive and the  cross-coupled s t i f f n e s s  K 
Y" Thus F 
Generally it is  des i red  t o  use the  ca l cu la t ions  discussed he re  f o r  r o t o r  dynamics 
ana lys i s .  
i n  t h e  r e s u l t s  sec t ion .  Dimensionless s t i f f n e s s e s  have t h e  form 
The s t i f f n e s s  i s  more usefu l  than the  force  so s t i f f n e s s e s  a r e  presented 
i n  the  next sec t ion .  
RESULTS 
Twelve d i f f e r e n t  cases t y p i c a l  of pump impeller geometries were run. 
gives  t h e  geometric proper t ies .  
angle ,  rad ius  r a t i o s ,  and blade thickness. In each case, t h e  following r o t o r  
parameters were held constant 
Table 1 
Quant i t ies  va r i ed  were number of blades, blade 
w = 600 rpm 
b = 0.5 inches 
P = 0.0361 lbm/in3 
A f i n i t e  element mesh was generated f o r  each case, 
Once v e l o c i t i e s  were determined a t  a l l  of the  f i n i t e  element node poin ts ,  Eq. 
(14)  was used t o  eva lua te  t h e  fo rces  ac t ing  on t h e  impeller cont ro l  volume. It 
should be noted t h a t  t hese  fo rces  ca lcu la ted  f o r  t h e  centered impel ler  were not 
zero due t o  t h e  numerical averaging. However, t he  change in fo rce  ca lcu la ted  f o r  t h e  
e c c e n t r i c  impel ler  i s  two t o  four  orders  of magnitude l a r g e r  than the  centered force.  
The f i v e  components of force f o r  each case a r e  not given here  due t o  lack  of space. 
They a r e  presented i n  r e f .  (12). 
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The ana lys i s  described i n  Sec t ion  2 w a s  ca r r i ed  out f o r  t h e  twelve cases. Table 
2 presents  the  ca lcu la ted  va lues  of dimensionless blade stream funct ion  f o r  each 
blade. Here the  stream funct ion  i s  made dimensionless v i a  
-9 J I =  
It can be seen t h a t  an e c c e n t r i c i t y  of the  order of 0.001 produces changes i n  the  
blade stream funct ion  of t h e  order of 0.001 as  w e l l .  
R3U3 
A comparison between the  theory and two experimental  r e s u l t s  can be presented. 
Case 4 i s  chosen as t h e  c l o s e s t  t o  t h e  t e s t  impel lers  of Uchida (8) and Kanki ( 9 ) .  
Uchida employed a s i n g l e  vo lu t e  while Kanki used a double volute .  
forces  a r e  
The dimensionless 
F r a d i a l  
0.00187 Uchida, e t .  a l .  (8)  
0.001 22 Kanki, e t .  al .  (9 )  
0.001023 Theory, Case 4 
The agreement with Kanki's r e s u l t s  i s  wi th in  20%. 
Table 3 gives  t h e  dimensionless p r inc ipa l  and cross-coupled s t i f  fnesses  a s  
determined by the  f i n i t e  element ana lys i s .  
negat ive while  t he  cross-coupled s t i f f n e s s  i s  pos i t ive .  
the  s e r i e s  of cases  run. 
In a l l  cases ,  the p r inc ipa l  s t i f f n e s s  i s  
Several pa t t e rns  emerge from 
Cases 1 and 7-11 i nd ica t e  the  e f f e c t  of varying blade angle  13 .  Figure 3 
However, t h e  magnitude of 
i nd ica t e s  the  s t i f f n e s s  v a r i a t i o n  with blade angle. The magnitude of t he  p r i n c i p a l  
s t i f f n e s s  decreases s t rongly  with increas ing  blade angle. 
the  cross-coupled s t i f f n e s s  does not seem t o  be a s t rong  func t ion  of blade angle. 
- The e f f e c t  of number of blades can be seen i n  cases 1, 4,  5 .  Figure 4 p l o t s  t h e  
r e s u l t s .  The magnitude of the p r inc ipa l  c o e f f i c i e n t  increases  somewhat with number 
of blades but,  again, t he  magnitude of t he  cross-coupled s t i f f n e s s  does not seem t o  
be a s t rong  func t ion  of the  number of blades. 
Cases 1 and 12 indicated t h e  e f f e c t  of impeller inner  t o  outer  rad ius  (R3/R2). 
This produced the  l a r g e s t  change i n  the c ross  coupling s t i f f n e s s .  The values  a r e  
Case R3/R2 
1 2 .o - 0.3529 0.60 57 
12 3 .O - 0.1047 0.07 28 
Also, the  e f f e c t  of the  o the r  r ad ius  r a t i o s  R1/% and R4/R2 can be Seen from cases  
2,5 and 5,3 respec t ive ly .  Blade thickness  (cases  1,6) d id  not  have a s t rong e f f e c t .  
The ca lcu la ted  dimensionless s t i f f n e s s e s  can be compared t o  the  measured va lues  
by Chamieh et. a l .  (10) .  
normal t o  r o t o r  dynamics as def ined i n  Sect ion 3) 




The p r inc ipa l  terms 
cross-coupled terms 
- 0.9 Chamieh et. al. (10) 
0.6 922 Case 3 
have the  same sign but d i f f e r  by an order of magnitude. 
have the same order of magnitude but d i f f e r e n t  sign. 
The 
CONCLUSIONS 
This study i n v e s t i g a t e s  the e f f e c t  of non-uniform i n l e t  flow i n  two dimensional 
eccen t r i c  unbounded impellers.  A comparison of t h e  ca l cu la t ed  r a d i a l  force t o  
ava i l ab le  experimental r e s u l t s  i n d i c a t e s  reasonably good agreement. 
conclude t h a t  non-uniform i n l e t  flow i s  an important f a c t o r  i n  hydraul ic  fo rce  
ca l cu la t ions  with app l i ca t ions  t o  r o t o r  dynamics. 
It seems sa fe  t o  
Comparisons of the t h e o r e t i c a l  s t i f  fnesses  t o  measured values  are less good. 
Perhaps t h i s  i n d i c a t e s  t h a t  o the r  e f f e c t s  not modeled he re  a r e  equally important. 
These are l i k e l y  t o  include th ree  dimensional e f f e c t s ,  viscous e f f e c t s ,  and vo lu te  
(or  d i f f u s e r )  e f f e c t s .  
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TABLE 1 - IMPELLER GEOMETRIES FOR TWJZVE CASES 
Case No. of Blade R1/R2 R41 R2 R31 R2 0s Thickness 
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TABLE 3. PRINCIPAL AND CROSS COUPLED STIFFNESS OF TWELVE IMPELLER CASES 
Pr  inci pa 1 C r o s s  Coupled 
Case Stiffness Stiff ness 
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